CS-GY 6763: Lecture 4
High-Dimensional Geometry

NYU, Prof. Ainesh Bakshi
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UNIFYING THEME OF THE COURSE

How do we work with data represented as high-dimensional
vectors?

= High-dimensional similarity search.
= |terative methods for optimizing functions in high dimensions.

= SVD + low-rank approximation to find and visualize
low-dimensional structure.
= Represent large graphs as high-dimensional vectors to uncover

structure.
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HIGH-DIMENSIONAL SPACE IS DIFFERENT

We often visualize data and algorithms in one, two, or three

dimensions.

This lecture: High-dimensional space can look very different from
low-dimensional space, so these pictures can be misleading.
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ORTHOGONAL VECTORS

Recall the inner product between two d-dimensional vectors:

d

(xy) =x"y=y"x=>"xy]

Jj=1

X QIy X

(x,y) = cos(0) - [|x[|2 - lly]l2



ORTHOGONAL VECTORS

What is the largest possible number of mutually orthogonal unit
vectors xi, ..., xt in d-dimensional space? That is, |x/x;| = 0 for
all distinct i, .
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ORTHOGONAL VECTORS

What is the largest possible number of nearly orthogonal unit
vectors X1, ..., X: in two or three dimensions? That is, \x,-ij\ <e€

for all distinct i,j. Consider a constant such as ¢ = 1/10.




ORTHOGONAL VECTORS

What is the largest possible number of nearly orthogonal unit
vectors Xi, . . ., x¢ in d dimensions? That is, |x/x;| < e for all

distinct /, j, where € is a constant such as 1/10.
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ORTHOGONAL VECTORS

Formal claim: There are absolute constants ¢, C > 0 such that, for every
0O<e<land d> C/e2, there is a set of at least 2°°? unit vectors in R¢
such that |x/x;| < e for all distinct i, .
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ORTHOGONAL VECTORS

Formal claim: There are absolute constants ¢, C > 0 such that, for every
0O<e<land d> C/e2, there is a set of at least 2°°? unit vectors in R¢
such that |x/x;| < e for all distinct i, .

Proof strategy: Use the probabilistic method. Generate t = 29(e*d)

random unit vectors that are unlikely to have large absolute inner
products.

1. Show that |x/x;| < € for all distinct i, j with positive probability.

2. Conclude that some set of t unit vectors has all pairwise absolute
inner products bounded by e.



PROBABILISTIC METHOD

Claim: When €2d is sufficiently large, there are at least 29(e*d) nearly
orthogonal unit vectors in d-dimensional space.



PROBABILISTIC METHOD

Claim: When €2d is sufficiently large, there are at least 29(e*d) nearly
orthogonal unit vectors in d-dimensional space.

Proof: Let all td entries of xy,...,x; be mutually independent, with
each entry equal to #1/+/d with probability 1/2. For example,

=G ta )
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PROBABILISTIC METHOD

For fixed distinct /i, j: Let xq,...,x; have mutually independent entries,
each equal to 4-1/+/d with probability 1/2.

d
" HX:Hg = Zk:l % =1

« Elx/x] = S0, Exi{Kx[K] = S0, Ex{K]E[x;[K] = 0
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+1/d w.p. 1/2

= xi[Kxj[K] = {_1/d w.p. 1/2
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PROBABILISTIC METHOD

For fixed distinct /i, j: Let xq,...,x; have mutually independent entries,
each equal to 41/+/d with probability 1/2.

d
HX:Hg = Zk:l % =1

Elx/x] = S Elxi{KIx{K] = S, Ex{K]E[x;[K] = 0

+1/d w.p. 1/2
—-1/d w.p. 1/2

xi[k]x;[K] = {

Var[x/x;] = 2:21 Var[x;[k]x;[K]] = ZZ:1 L1
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INFORMAL PROOF

For fixed distinct i/, j, let Z= x,-TxJ- = ZZ:I Ck, where the Cy are
independent and uniform on {—1/d,+1/d}.
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INFORMAL PROOF

For fixed distinct i/, j, let Z= x,-TxJ- = ZZ:I Ck, where the Cy are
independent and uniform on {—1/d,+1/d}.

The central limit theorem suggests Gaussian behavior near the mean. For
the tail we need, Hoeffding's inequality gives the rigorous bound

Pr[|Z] > €] < 26792,

A union bound over all distinct pairs gives

t
Pri3i<j:|x/xj]>¢| < 2(2) o—€d/2.

When €2d is sufficiently large, taking t = Heezd/“J makes the failure

probability at most 1/16. Thus t = A<D vectors exist.
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FORMAL PROOF

Use an exponential concentration inequality!

Theorem (Chernoff Bound)

Let X1, X, ..., Xy be independent {0, 1}-valued random
variables and let S = 27:1 Xi. Forany0<e<1,

—2E[s]

Pr{|S — E[S]| > €E[S]] < 2¢ 5 .
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FORMAL PROOF

Use an exponential concentration inequality!

Theorem (Chernoff Bound)

Let X1, X, ..., Xy be independent {0, 1}-valued random
variables and let S = 27:1 Xi. Forany0<e<1,

—%i[s)

Pr|S — E[S]] > cE[S]] < 23

This does not immediately apply because our random variables are
+1/d, rather than 0 or 1. A common trick is to shift and scale
them.
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FORMAL PROOF

For each k, define By = (dCx + 1)/2. Then By, ..., By are independent
Bernoulli(1/2) random variables and C, = (2Bx — 1)/d.

d d
Z Zsz—1
k:
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FORMAL PROOF

For each k, define By = (dCx + 1)/2. Then By, ..., By are independent
Bernoulli(1/2) random variables and C, = (2Bx — 1)/d.

d

Z=> G=

k=1

Q|+
M=

(2Bx— 1)

=
Il

1

ZBK—>.

QJI\J

This converts the problem to concentration of a sum of independent
binary random variables.

13



FORMAL PROOF

Let S=39_, B, so E[S] = d/2. Then

2 d
z-2(s-3)
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FORMAL PROOF

Let S=39_, B, so E[S] = d/2. Then

2 d
z-2(s-3)

PrZ] > ¢] = pr{s_ g’ . e2d]

= Pr[|S—E[S]| > €E[5]].
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CHERNOFF BOUND

Theorem (Chernoff Bound)
Let X1, Xa, ..., Xy be independent {0, 1}-valued random variables and
let S = 27:1 Xi. Forany 0 <e<1,

—<%E[9]

Pr{|S — E[S]| > ¢E[S]] < 2¢~ 7 .
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CHERNOFF BOUND

Theorem (Chernoff Bound)

Let X1, Xa, ..., Xy be independent {0, 1}-valued random variables and
let S = 27:1 Xi. Forany 0 <e<1,

—<%E[9]

Pr[|S—E[S]| > €E[S]] < 2e™ 3
Apply the theorem to By, ..., By, for which E[S] = d/2:

Pr[|S — E[S]| > €E[S]] < 2~ El41/3

= 2e'9/5,

15



PROBABILISTIC METHOD

Conclusion from Chernoff bound: For every fixed pair i < j,

Pr{|x/x;| > €] < e <5,
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By a union bound:

t
Pr3i<j:|x/x;| >¢] < 2(2)e62d/6.

When €2d is sufficiently large, set t = Heﬁzd/lzJ. Then the failure
probability is at most 1/16, so all pairs satisfy the desired bound with
probability greater than 0.9.
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PROBABILISTIC METHOD

Conclusion from Chernoff bound: For every fixed pair i < j,

Pr{|x/x;| > €] < e <5,

By a union bound:

t
Pr3i<j:|x/x;| >¢] < 2(2)e62d/6.

When €2d is sufficiently large, set t = Heﬁzd/lzJ. Then the failure

probability is at most 1/16, so all pairs satisfy the desired bound with
probability greater than 0.9.

Therefore, a set of t = eX€*d) — 22<*d) gch unit vectors exists.
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ORTHOGONAL VECTORS

Final result: When €2d is sufficiently large, there are at least 2 it
vectors in d-dimensional space with \x,ij| < ¢ for every distinct pair.

Corollary of proof: Independent random sign vectors sampled as above
tend to be far apart and roughly equidistant in high dimensions.
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ORTHOGONAL VECTORS

Final result: When €2d is sufficiently large, there are at least 2 it
vectors in d-dimensional space with \x,ij| < ¢ for every distinct pair.

Corollary of proof: Independent random sign vectors sampled as above
tend to be far apart and roughly equidistant in high dimensions.

Ixi — xjl|3 = 2 — 2(x;, x;) € [2 — 2¢,2 + 2€].

17



CURSE OF DIMENSIONALITY

Curse of dimensionality: Let x be uniform on By and place a query at
the origin. For 0 < r < 1,

Prillxlla < ] = .

Thus ©(r~9) independent samples are needed for a constant probability
of finding one within distance r.

——
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CURSE OF DIMENSIONALITY

Curse of dimensionality: Let x be uniform on By and place a query at
the origin. For 0 < r < 1,

Prillxlla < ] = .

Thus ©(r~9) independent samples are needed for a constant probability
of finding one within distance r.

——

Low-dimensional or other structural assumptions can avoid this
dependence.

18



Thinking in High Dimensions
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UNIT BALL IN HIGH DIMENSIONS

Let By be the unit ball in d dimensions:

By={xeR:|x]. <1}.
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Let By be the unit ball in d dimensions:

By={xeR:|x]. <1}.

A ball of radius R has volume %R".

What fraction of the volume of By lies within € of its surface?

vol(Bg) — vol((1 — €)Bg) _

vol(By) i=(@=af

== ((1 o e)l/é)l{d
>1—-e  0<e<l.
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UNIT BALL IN HIGH DIMENSION

Let By be the unit ball in d dimensions:

By={xeR:|x]. <1}.

A ball of radius R has volume %R".

What fraction of the volume of By lies within € of its surface?

vol(By) — vol((1 — €)By) _
vol(Bg) a

=@ =g

== ((1 o e)l/é)l{d
>1—-e  0<e<l.

Most of the volume of the unit ball lies near its surface!

20



ISOPERIMETRIC INEQUALITY

All but at most an e~ fraction of the unit ball’s volume lies within € of its
surface.

Isoperimetric inequality: Among sets with a fixed volume, the Euclidean ball
minimizes surface area.
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ISOPERIMETRIC INEQUALITY

All but at most an e~ fraction of the unit ball’s volume lies within € of its
surface.

Isoperimetric inequality: Among sets with a fixed volume, the Euclidean ball
minimizes surface area.

= A uniformly sampled point from a high-dimensional unit ball is very likely
to lie near the boundary.
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ISOPERIMETRIC INEQUALITY

All but at most an e~ fraction of the unit ball’s volume lies within € of its
surface.

Isoperimetric inequality: Among sets with a fixed volume, the Euclidean ball
minimizes surface area.

= A uniformly sampled point from a high-dimensional unit ball is very likely
to lie near the boundary.

= Similar concentration holds for many regular high-dimensional bodies, but
extra assumptions are necessary.

21



SLICES OF THE UNIT BALL

What fraction of the volume of By lies within € of its equator?

S={x€eBy:|xi| <€}
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SLICES OF THE UNIT BALL

€2d/16

Answer: All but at most a 3e fraction of the volume lies within € of the

equator.
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SLICES OF THE UNIT BALL

Answer: All but at most a 3e~ %% fraction of the volume lies within € of the

equator.

By symmetry, for every unit vector t, the equatorial band is
Se={x€By:|xt| <€}
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BIZARRE SHAPE OF THE UNIT BALL

1. At least a 1 — e < fraction of the volume lies within ¢ of the surface.
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1. At least a 1 — e < fraction of the volume lies within ¢ of the surface.

2. At least a 1 — 3e=<"9/16 fraction lies within € of any fixed equator.
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BIZARRE SHAPE OF THE UNIT BALL

1. At least a 1 — e < fraction of the volume lies within ¢ of the surface.

2. At least a 1 — 3e=<"9/16 fraction lies within € of any fixed equator.

A high-dimensional ball looks nothing like a two-dimensional ball.

24



CONCENTRATION AT EQUATOR

Claim: If x is uniform on By, then |x;| < € with probability at least
1—3e <4/ for 0 < ¢ < 1.
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Claim: If x is uniform on By, then |x;| < € with probability at least
1—3e <4/ for 0 < ¢ < 1.

Proof strategy:

= Replace a random point from the ball
by its normalized direction on the unit
sphere.
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CONCENTRATION AT EQUATOR

Claim: If x is uniform on By, then |x;| < € with probability at least
1—3e <4/ for 0 < ¢ < 1.

Proof strategy:

= Replace a random point from the ball
by its normalized direction on the unit

sphere.

= Let w =x/||x|l2. Then w is uniform

on the sphere.

= Prix| <el>Prlwa| <€  (why?)
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CONCENTRATION AT EQUATOR

Claim: For 0 < ¢ < 1, |wy| < € with probability at least
1 — 3e <9/, This proves the statement on the previous slide.
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taken from the unit sphere (the surface of the ball)?

26



CONCENTRATION AT EQUATOR

Claim: For 0 < ¢ < 1, |wy| < € with probability at least
1 — 3e <9/, This proves the statement on the previous slide.

How can we generate w, which is a random vector
taken from the unit sphere (the surface of the ball)?

2D Gaussian 'Samples Normalized: w = g/|lg||

15

1.0

-4
4 -3 -2 -1 0 1 2 3 4

26



IMPORTANT FACT IN HIGH-DIMENSIONAL GEOMETRY

Rotational invariance of the Gaussian distribution: Let g
be a random Gaussian vector with independent A/(0, 1)
entries. Then w = g/||g||> is uniform on the unit sphere.

Why?
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entries. Then w = g/||g||> is uniform on the unit sphere.

Why? The density of a high-dimensional Gaussian depends

only on ||g||2, not on its direction.

Its probability density function is

d

p(g) = H%e—éﬂ

i=1
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IMPORTANT FACT IN HIGH-DIMENSIONAL GEOMETRY

Rotational invariance of the Gaussian distribution: Let g
be a random Gaussian vector with independent A/(0, 1)
entries. Then w = g/||g||> is uniform on the unit sphere.

Why? The density of a high-dimensional Gaussian depends

only on ||g||2, not on its direction.

Its probability density function is

d
1
pe) = [ =c "
paiey 2T

_ (27) Ve l8lE/2,
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IMPORTANT FACT IN HIGH-DIMENSIONAL GEOMETRY

Rotational invariance of the Gaussian distribution: Let g have
independent N(0, 1) entries. Then w = g/||g||2 is uniform on the
unit sphere.

Level Sets of 2D Gaussian

Circular level sets
! | (rotational invariance)

28



PROOF STRATEGY

Draw g ~ N(0,1) and set w = g/||g||.. We will show that
|wi| < e with high probability.

29



PROOF STRATEGY

Draw g ~ N(0,1) and set w = g/||g||.. We will show that
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Two steps:

1. Show that ||g||> > /d/2 except

with probability e (9.
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PROOF STRATEGY

Draw g ~ N(0,1) and set w = g/||g||.. We will show that
|wi| < e with high probability.

Two steps:

1. Show that ||g||> > /d/2 except

with probability e (9.

2. On this event, |wy| < +/2/d|g1].
Apply a one-dimensional Gaussian
tail bound.

29



CONCENTRATION AT EQUATOR

Let g be a random Gaussian vector and w = g/||g||2.

d d
Efllgl3] = > Elg?]l = 3 Varlg] = d.
= i=1
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CONCENTRATION AT EQUATOR

Let g be a random Gaussian vector and w = g/||g||2.
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Homework exercise: Prove the standard chi-squared lower-tail
bound
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CONCENTRATION AT EQUATOR

Let g be a random Gaussian vector and w = g/||g||2.

d d
Efllgl3] = > Elg?]l = 3 Varlg] = d.
= i=1

Homework exercise: Prove the standard chi-squared lower-tail
bound

d _
Pr gl < 5| < e,

Why should this be plausible?
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CONCENTRATION AT EQUATOR

g2 > m Condition on
the event that we get a random vector in this set.

For 1 — 27©(9) fraction of vectors g,
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= Pr[lar] < - v/d]2)
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CONCENTRATION AT EQUATOR

g2 > m Condition on
the event that we get a random vector in this set.

For 1 — 27©(9) fraction of vectors g,

Recall that w = —2—. Given this event:

g2

Pr{iwi| < ] = Prller/lgll| <
> Pr|leal/ Va2 < ¢
= Pr[lar] < - v/d]2)

>1- 2—@((e~ V) (Integrate the PDF)

By union bound, overall we have:

Pr{jwa| < e > 1—270(%) — =09
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BIZARRE SHAPE OF THE UNIT BALL

1. At least a 1 — e < fraction of the volume lies within ¢ of the surface.
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BIZARRE SHAPE OF THE UNIT BALL

1. At least a 1 — e < fraction of the volume lies within ¢ of the surface.

2. At least a 1 — 3e~<9/16 fraction lies within € of any fixed equator.

A high-dimensional ball looks nothing like a two-dimensional ball.
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HIGH-DIMENSIONAL CUBE

Let Cy be the d-dimensional cube:

Cqg={x¢€ R : |xi| <1 for every i}.

llllin,
w
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Let Cy be the d-dimensional cube:

Cqg={x¢€ R : |xi| <1 for every i}.

In two dimensions, the cube looks
broadly similar to the ball.
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HIGH-DIMENSIONAL CUBE

Let Cy be the d-dimensional cube:
Cqg={x € RY: |x| <1 for every i}.
In two dimensions, the cube looks
broadly similar to the ball.

But their volumes differ dramatically:

vol(Cy) = 29,

rd/2
VO|(Bd) = m,

VO|(Cd) (d)
VO|(Bd) de ’
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ON BREAKING INTUITION

Consider the following setup:
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Center 29 unit balls at the vertices of a side-length-2 cube. The
origin-centered ball tangent to them has radius v/d — 1.
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ON BREAKING INTUITION

Consider the following setup:

O

Center 29 unit balls at the vertices of a side-length-2 cube. The
origin-centered ball tangent to them has radius v/d — 1.

For d > 5, this radius exceeds 1, so the central ball
protrudes beyond the cube.
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