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Introduction

As our world becomes increasingly interconnected, the study of graphs and networks provides a
deeper comprehension of the intricate relationships inherent in complex systems. From unraveling
the structure of social interactions to modeling biological pathways and analyzing information flow
in technological networks, the versatility of graph theory provides a powerful lens through which
to comprehend real-world phenomena (Barnes and Harary, 1983; Wellman, 1983; Bornholdt and
Schuster, 2001). In particular, studying different characteristics of a network’s topology can reveal
important aspects governing the interaction mechanisms of the system it describes. For instance,
the study of clustering coefficients helps us quantify the tendency of nodes to form clusters or
tightly interconnected groups, which indicate the formation of communities within the graph. In
addition, this helps us uncover the modular structure and resilience of networks in the face of node
removal or perturbations.

Due to the significant computational resources and time required to analyze real-world networks,
one efficient approach used for calculating clustering coefficients are random walks (da Fontoura Costa
and Travieso, 2007; Hardiman and Katzir, 2013). Random walks are stochastic processes that
navigate through a graph by moving from one node to another based on random choices. This
approach provides good estimators for desired metrics without the need of analyzing the whole
network (Lovász, 1993; Xia et al., 2019).

In this study, we build on the ideas of Hardiman and Katzir (2013) and we investigate whether it
is possible to bound the number of steps needed on a random walk before being able to predict
the node with the highest degree in the network, which we denote as vdmax , with high probability.
Furthermore, our approach combines the use of random walks with random networks which serve
as a baseline for understanding the structural properties of their empirical counterparts providing
insights into the emergence of features such as connectivity, average path length, and clustering
(Chen and Chen, 2007). While previous work has examined probabilistically predicting the max-
imum degree in a network (Schank and Wagner, 2005; Saramäki et al., 2007), to the best of our
knowledge, no paper has investigated methods to retrieve the node in question. Finding vdmax can
have significant relevance for people analyzing a given network in different scenarios. For instance,
one may want to know who is the user with the most connections or what power station is the
biggest liability in a power grid. Of course, the degree of the node is not the sole measure of
it’s importance, with other measures of centrality also being used widely (De-Marcos et al., 2016;
Chakraborty et al., 2017; Farooq et al., 2018), however, we focus our research direction on degree
centrality.
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Random and scale-free networks

We begin by elaborating on the properties of random networks, their construction, and the potential
efficacy of the random walk approach for the question of finding vdmax . Firstly, a random network
Gr(n, p) is fully described using only two properties; its number of nodes n, and the probability
that two nodes are connected via an edge p (Erdős et al., 1959; 1960). In such a network, the
degree of each node is the sum of an indicator function denoting whether a given node is connected
to another node in the network. More formally, we can see that:

E[di] = E

 n∑
j=1

1[Avi,vj = 1]

 = np

Here, A is the adjacency matrix of the network. As the probability of two nodes being connected is
equal to p, the expected degree of a given node vi is equal to np. As such, the degree distribution of
a random network is that of a Binomial distribution, as illustrated in Figure 1A. Here, the red line
denotes the degree distribution of 1000 different random networks with n = 1000, p = 0.25. Also
illustrated in the figure is the distribution of the maximum degrees in each of these 1000 networks,
shown by the solid blue line. As we can see, the maximum degree of a random network does not
deviate considerably from its expected degree (shown with a red dashed line). Furthermore, the
maximum degree does not exhibit a high variance, falling close to 1.178 ∗ E[di]. Considering these
attributes, we would expect that it would be relatively difficult for a random walk to locate vdmax

reliably in a small number of steps since all nodes in the network have a degree close to their
expectation.

Scale-free networks, on the other hand, do not demonstrate this quality. In many of the networks
that govern real-world interactions, new nodes in a network prefer to link to more well-connected
nodes, a process which is termed “preferential attachment”. For instance consider citation networks,
where the more cited a given paper is, the more likely one is to read it, and subsequently cite it
in their own work. Among the many models which aim to capture this interaction pattern is
the Barabasi Albert model (Barabási and Bonabeau, 2003). In this model, a clique of size m is
created, and every subsequent node added to the network establishes m new edges to the network.
Each of these m edges is connected to a given node in the network with a probability proportional
to its degree. As such, nodes with higher degree accumulate more edges over time. The degree
distribution of such a network can be seen in Figure 1C. As can be seen, the distribution of dmax

is far less concentrated than in a random network, and is far greater than the expected degree of
such a network. The degree distribution induced by a Barabasi Albert (BA) network is said to
followed a power-law degree distribution which is independent of both the number of nodes in the
initial clique m and the number of nodes in the network n.

Figure 1 (B) illustrates the shortest paths between any two nodes in a random networkGr(100, 0.25).
As can be seen, while there is a slight trend in increasing shortest path lengths as the sum of the
degrees of the pair of nodes decreases, this trend is not as prominent as that of a BA network
Gsf (n = 100,m = 5) illustrated in Figure 1D. This suggests that a random walk on a BA network
may be more conducive towards finding the node of maximal degree, as the shortest path between
any node and the node of maximum degree is shorter on average in a BA network (1.53 steps) than
a random network (1.64 steps). While a random walk would not necessarily walk along the shortest
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Figure 1: (A, C) The red solid line denotes the degree distribution of 1000 different random networks
Gr(1000, 0.25) in (A) and 1000 different scale free networks Gsf (1000,m = 5) in (C). The red dashed line
denotes the expected degree of these networks. The blue solid line denotes the distribution of the maximum
degrees in each of these networks. (B, D) The length of the shortest path between two nodes in Gr(100, 0.25)
(B) and a BA network Gsf (100, 5) (D). Each heat map is sorted by the degree of the nodes on both axes.

path to the node of maximum degree, having a shorter shortest path between any node and vdmax ,
on average, suggests that vdmax should appear more frequently along the walk.

Random walks and their bounds

In this section, we describe the process of computing lower bounds for the number of steps needed
before finding vdmax with high probability. We note that our analysis is constrained to undirected
graphs in which the movement of from a given node to any of its neighbors has equal probability.
Specifically, we describe the efficacy of the following pseudocode algorithm:

current_node = random(G.nodes)

current_max = current_node.degree

max_evolution = [current_max]

for i in range(number_of_steps):
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for j in range(mixing_time): #burn in time

next_node = random(current_node.neighbours)

current_node = next_node

next_node = random(current_node.neighbours)

if next_node.degree > current_max:

current_max = next_node.degree

current_node = next_node

max_evolution.append(current_max)

return max_evolution

Random networks

At the start of a random walk, it is important to note that we are not sampling from the stationary
distribution of the network, as any random walk requires a minimum number of steps rd before
the induced distribution observed via the random walk is within an error ϵ of the stationary dis-
tribution. This number of steps rd is termed the “mixing time” of the network. An alternative,
and fundamentally easier, question would be to estimate would the number of tries t needed of
sampling the stationary distribution, before finding vdmax with high probability. The probability
that we don’t find vdmax after t tries can be expressed as follows. Let event M be the event that
we don’t find vdmax after t tries:

P[M ] =

(
1− dmax

D

)t

≤ δ t̂ ≥ O

(
log(1/δ)D′

d′max

)

Here, we can see that our estimator t̂ depends linearly on log(1/δ) and on the ratio of two random
variables D′

d′max
. As such, if we can lower bound D′ and upper bound d′max, then we can obtain a

lower bound for t̂. Beginning with an upper bound of d′max:

P[dmax ≥ C] = 1− P[dmax < C] = δ2

P [dmax ≥ (1 + ϵ) µ] =
n∑

i=1

P [di ≥ (1 + ϵ)µ] = n · e
−ϵ2µ
2+ ϵ ≤ n · e

−ϵ2µ
3 ≤ δ2

ϵ ≥

√√√√
3 ·

log
(

n
δ2p

)
n

C = (1 + ϵ)µ = O

(
np+ p

√
n log

(
n

δ2p

))
= O(np)
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Here, we use a Chernoff bound on the probability that the degree of a given node exceeds C, since
the degree of a given node is the sum of independent {0, 1} indicator functions, and use a union
bound over all nodes in the network to bound dmax. We take C to be our estimator for the upper
bound of dmax. We would like δ2 to be small, or in other words, the probability that dmax ≥ C to
be small. Next, turning our attention to bounding D′, we find that:

P
[
|D − µ| ≥ σ√

δ3

]
≤ δ3 µ = E[D] = E

[
n∑

i=1

di

]
= n2p

Since di, dj are pairwise independent for all i, j ∈ n:

Var[D] = Var

[
n∑

i=1

di

]
=

n∑
i=1

Var[di]

Var[di] = E[d2i ]− E[di]2 = np− (np)2 ≤ np

Var[D] ≤ n2p

P
[
|D − µ| ≥ σ√

δ3

]
= 1− P

[
µ− σ√

δ3
≤ D ≤ µ+

σ√
δ3

]
≤ δ3

D′ = µ− σ√
δ3

= n2p−
n
√
p

√
δ3

= O(n2p)

Having bounded both random variables, we can see that by plugging into the bound of t̂:

t̂ ≥ O

(
log(1/δ)D′

d′max

)
= O

(
log(1/δ)n2p

np

)
= O (log(1/δ)n)

In other words, even when sampling from the stationary distribution directly, we still needO(log(1/δ)n)
tries before finding vdmax . As such, in the case of random networks, it is more efficient to compute
a linear scan of the nodes in the network rather than use a random walk.

Scale-free networks

Taking the same approach of sampling from the stationary distribution, we can find bounds on the
number of steps t to find vdmax in a BA network. Firstly, according to Barabási and Bonabeau
(2003) the probability of a node having a degree k can be expressed as:

pk ≈ k−γ

where, for a BA network, γ = 3 Barabási and Bonabeau (2003). Here, γ is termed the degree
exponent, a quantity characterizing the network topology. This quantity is independent of the size
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of the initial clique m. Therefore, we can estimate an upper bound for d′max in a scale free network
as follows:

P[dmax ≤ C] = n ∗ P[di ≤ C] = n ∗
∫ C

0
k−γdk =

nC1−γ

γ − 1

C =

(
δ(γ − 1)

n

) 1
1−γ

C = O

(
γ−1

√
n

δ

)
= O

(
γ−1
√
n
)
= O(

√
n) for γ = 3

In a BA network, the sum of degrees D is deterministic, since at each time interval when a new
node is introduced to the network, the number of added edges is a constant m. Therefore, the sum
of degrees D can be expressed as follows:

D = 2|E| = 2

[(
m

2

)
+m(n−m)

]
= O(n) for n ≫ m

This is because, at time interval 0, there is an m sized clique and therefore
(
m
2

)
edges, and each

of the n−m new nodes adds m new edges each. Therefore, we can see that, when sampling from
the stationary distribution, the number of tries t needed before seeing vdmax can be expressed as
follows:

t̂ ≥ O

(
log(1/δ)D

d′max

)
= O

(
log(1/δ)n√

n

)
= O(log(1/δ)

√
n)

This suggests that there may be some value to conducting a random walk on a BA network, since
it would require less steps than a random network. While computing the exact mixing time of a
given network can be done experimentally, we rely on previous work which suggest that the mixing
time of “social networks” which have scale-free properties is on the order of O(log2(n)) Mohaisen
et al. (2010). In other words, after taking O(log2(n)) steps, the node at which the random walk
is located is no longer dependent on the initial node. Therefore, we would need a burn-in period
of O(log2(n)) steps before beginning our random walk. Therefore, the estimated number of steps
t̂ can be expressed as:

t̂ ≥ O(log(1/δ)
√
n ∗ log2(n))

We can see that, for δ ≤ 0.1, this value is greater than n for n > 10. Therefore, when accounting
for mixing time, a simple linear scan through the network’s nodes continues to be a more efficient
solution for finding the node of maximum degree. Nonetheless, if the nodes in the network are
opaque to the user, this algorithm may still be useful.

Simulation and experimental results

We begin by experimentally testing the bounds computed in the previous section on both random
and BA networks. Figure 2 illustrates the average performance of 1000 iterations of the algorithm
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Figure 2: Average performance of 1000 random walks in locating vdmax vs. number of unique nodes visited
on a random walk through a random network (A) and BA network (B). Each network is tested at different
values of p and m, respectively.

described in the previous section as a function of the number of “mined” nodes, or the number of
unique nodes visited, on a random walk through a given network. The performance is estimated
as the ratio of the maximum degree seen thus far on the walk and the true maximum degree
of the network. We illustrate the performance on a random network Gr(n = 100, p) for p =
[0.1, 0.25, 0.5, 0.75] in Figure 2A and the performance on a BA network Gsf (n = 100,m) for m =
[3, 5, 10, 25] in Figure 2B. As can be seen in Figure 2A, as the likelihood of two nodes being connected
by an edge increases, the node at which we start a random walk is closer to the maximum degree
node. However, as the random walk progresses, the algorithm is able to find a node with a degree
at least within 95% of the true maximum degree while uniquely visiting less than half of all nodes
in the network. As for BA networks, regardless of the choice of m, all random walks arrive at the
true maximum degree network after visiting 60% of the nodes in the network.

Next, we test the algorithm on three external datasets compiled from the Stanford SNAP dataset
Leskovec and Krevl (2014) (i) a page-page network of Facebook pages (22,470 nodes, 171,002
edges), where the nodes are pages and while the links are mutual likes between sites; (ii) User-User
network of Twitch users, where the nodes are users and links are mutual friendships between them
(168,114 nodes, 6,797,557 edges); (iii) Patent citation dataset where nodes are patents and links
are citations made by one patent to another (3774768 nodes, 16518948 edges). This is originally a
directed graph, but we convert it to an undirected graph.

The results of this analysis are summarized in Figure 3. Subplots A, C, and E describe the average
performance and 95% confidence intervals of 1000 random walks in locating the node of maximum
degree in the Facebook, Twitch, and patent citation datasets respectively. On the other hand,
subplots B, D, and F describe the degree distribution of these datasets on a log-log scale. As can
be seen in the figures on the left-hand side, the algorithm is able to locate the node of maximum
degree while only uniquely visiting less than 10% of the network’s nodes in the case of the Facebook
and Twitch datasets, and less than 2.5% of the nodes in the case of the patents dataset. Each of
these networks exhibit scale-free properties, as can be seen by their power-law degree distributions
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Figure 3: (A, C, E) Average performance of 1000 random walks in locating the node of maximum degree
in the Facebook, Twitch, and patent citation datasets respectively. (B, D, F) Degree distribution of these
networks on a log-log scale.

shown in the right-hand side figures.

We’ve also built an interactive visualization tool using D3, a JavaScript library, allowing users to
play around with random walks of varying lengths and to see the performance of these walks on
random, scale-free, and lattice networks. This tool can be found here.
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Discussion and conclusions

In this project, we aimed to estimate lower bounds for the number of steps needed on a random
walk before returning the node with maximum degree in the network with high probability. As
demonstrated, the lower bounds computed with this approach exceed the number of nodes n in
most cases. Hence, if a user were to have access to a list of the nodes in the network, and their
properties, it would be more efficient to complete a linear scan on the set of nodes to find the node
with maximum degree. However, if this information is opaque to the user, the algorithm described
in this project may be useful.

Furthermore, this algorithm may be similarly useful if one wished to find some node v whose degree
is relatively close to that of vdmax . As shown in Figure 2, in both random and scale free networks,
the estimated maximum degree node exhibits a sharp rise at the start of the random walk, finding
nodes with a relatively high degree in a small number of steps.

Importantly, the results demonstrated in Figures 2 and 3 illustrate the performance against that
of the number of unique nodes visited, rather than the length of the random walk. Therefore,
the performance here is plotted against a proxy of memory required to store the random walk’s
properties, rather than the time of walk. Future work may examine theoretical bounds on the
number of unique nodes visited on a random walk before finding vdmax .
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