CS-GY 6763: Lecture 4
High Dimensional Geometry

NYU, Prof. Ainesh Bakshi
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Unifying Theme of the Course

How do we deal with data (vectors) in high-dimensions?

High-dimensional similarity search.

Iterative methods for optimizing functions in high-dimensions.

e SVD + low-rank approximation to find and visualize

low-dimensional structure.

Convert large graphs to high-dimensional vector data to

uncover interesting things.
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Often visualize data and algorithms in 1,2, or 3 dimensions.




High Dimensional is Not Like Low Dimensional

Often visualize data and algorithms in 1,2, or 3 dimensions.

030

This lecture: Prove that high-dimensional space looks very
different from low-dimensional space. These images are rarely

very informative!
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Next lecture: Ignore our own advice.

Learn about sketching, aka dimensionality reduction techniques
that seek to approximate high-dimensional vectors with much lower
dimensional vectors.

e Johnson-Lindenstrauss lemma for /> space.
e MinHash for binary vectors (next class) .

R .

This lecture should help you understand the potential and
limitations of these methods.
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Orthogonal Vectors

Recall the inner product between two d dimensional vectors:

d
x,y)=x"y=y x= ZXU]yU]
X X
k¢ o .y

(x,y) = cos(f) - [Ix]l2 - [lyll2



Orthogonal Vectors

What is the largest set of mutually orthogonal unit vectors
X1,..., X; in d-dimensional space? l.e. with inner product

Ixx;| =0 for all i, j.

-
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Orthogonal Vectors

What is the largest set nearly orthogonal unit vectors xy, ..., X¢
in 2 or 3 dimensions? l.e., with inner product |x x;| < e for all i, j.

Consider the case when € is a constant. E.g. ¢ = 1/10.

4
i

PR



Orthogonal Vectors

What is the largest set nearly orthogonal unit vectors xy, ..., X¢
in d dimensions? l.e., with inner product \XI-TXJ-\ < e forall i, j.

Consider the case when ¢ is a constant. E.g. ¢ = 1/10.

1.d 2. O(d) 3. ©(d?) 4. 20(d)
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Orthogonal Vectors

Formal Claim: In d-dimensional space, there are 20(¢%d) ynit
vectors with all pairwise inner products < €, where € > l/ﬂ

Proof strategy: Use the Probabilistic Method! For t = 20(e*d)
define a random process which generates random vectors xi,...,X;

that are unlikely to have large inner product.

1. Claim that, with non-zero probability, |x,-TxJ-\ < e foralli, .

2. Conclude that there must exists some set of t unit vectors
with all pairwise inner-products bounded by e.



Probabilistic Method

Claim: There is an exponential number (i.e., 28(9)) of nearly
orthogonal unit vectors in d dimensional space.

Proof: Let x3,...,x; all have independent random entries, each

1 . .y
set to iﬁ with equal probability. Ex.

X_<11_11 1>
1 — \/87 d7 d7 d7"'7 d
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Probabilistic Method

Claim: There is an exponential number (i.e., 28(9)) of nearly
orthogonal unit vectors in d dimensional space.

Proof: Let x1,...,x; have independent random entries, each j:ﬁ
w.p. 1/2.

e X3 =
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Claim: There is an exponential number (i.e., 28(9)) of nearly
orthogonal unit vectors in d dimensional space.

Proof: Let x1,...,x; have independent random entries, each j:ﬁ
w.p. 1/2.

d
o [xil3 =31 g=1
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Probabilistic Method

Claim: There is an exponential number (i.e., 28(9)) of nearly
orthogonal unit vectors in d dimensional space.

Proof: Let x1,...,x; have independent random entries, each j:ﬁ
w.p. 1/2.
d
o [Ixill3= Y1 g =1
o E[x/x] =
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Probabilistic Method

Claim: There is an exponential number (i.e., 28(9)) of nearly
orthogonal unit vectors in d dimensional space.
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Probabilistic Method

Claim: There is an exponential number (i.e., 28(9)) of nearly
orthogonal unit vectors in d dimensional space.

Proof: Let x1,...,x; have independent random entries, each j:ﬁ

w.p. 1/2.
O ”X:Hz = Zk 1%
o Elx/x] = Si_; Elxi[KIxi[k]] = S4_; Elxi[K]IE[x;[£] = 0

+1/d w.p. 1/2

° X;[k]xj[k] = _1/d w.p. 1/2

o Var[x]xj] = 27, Var[[klxj[k]] = ¢, & =1
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Informal Proof

Let Z = x,-ij = Zi:l Cx where each Cj is random i%.
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We want a - 0 = €, where o = 1/+/d. Therefore, applying Chernoff
with o = eV/d, we have:

Pr[|Z] > €] < O(e ).
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Informal Proof

Let Z = x,-ij = Zi:l Cx where each Cj is random i%.

Z is a sum of many i.i.d. random variables, so looks approximately
Gaussian. Roughly, we expect that:

Pr|lZ —EZ| > a-0] < O(e™™)
We want a - 0 = €, where o = 1/+/d. Therefore, applying Chernoff
with a = eﬂ, we have:
PrZ| > d < O(e™).
By a union bound, for any pairs x;, x; from x1,x2,x3, ..., X,
PrlixT x| > €] < (;) 0(e?Y) <01
O(e%d)

Suffices to set t = e )
12



Formal Proof

Use an exponential concentration inequality!

Theorem (Chernoff Bound)

Let X1, X, ..., Xy be independent {0, 1}-valued random
variables and let S = Zj-jzl Xi. We have for any e <1 :

Pr|S — E[S]| > €E[S]] < 26~

Does not immediately apply because we have random variables
that are £1/d, not 0, 1.
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Formal Proof

Use an exponential concentration inequality!

Theorem (Chernoff Bound)
Let X1, X, ..., Xy be independent {0, 1}-valued random
variables and let S = Zj-jzl Xi. We have for any e <1 :

Pr|S — E[S]| > €E[S]] < 26~

Does not immediately apply because we have random variables
that are £1/d, not 0, 1.

Common trick: shift and scale to transform to the binary

case.

13
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Formal Proof

Observe By is uniform in {0,1}.
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Formal Proof

Pr[|Z] > €] = Pr

= [Pr

d
d . .
. (_2 + E Bk> , B uniform in {0,1}.

k=1

d ed
_;Bk_z 2]
. d d
> Bc—E|> Bil|>cE ZBk]
k=1 k=1 =l
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Chernoff Bound

Theorem (Chernoff Bound)

Let X1, X, ..., Xy be independent {0, 1}-valued random
variables and let S = Zj-jzl Xi. We have for any e <1 :

—2E[9]

Pr[|S — E[S]| > €E[S]] < 2e™ 3

Apply with X1,..., Xy = B1,...,Bg:

762IE[S] —3d

Pr[|S —E[S]| > €E[S]] <2e™ 3 =2e"6
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Probabilistic Method

Conclusion from Chernoff bound:

For any i,/ pair, Pr[jx/x;| <¢] >1— ne—€2d/6
By a union bound:

o t
For all i, pairs simultaneously, Pr[|x/x;| <¢] >1— (2> .De—€2d/6
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Probabilistic Method

Conclusion from Chernoff bound:

For any i,/ pair, Pr[jx/x;| <¢] >1— ne—€2d/6

By a union bound:

o t
For all i, pairs simultaneously, Pr[|x/x;| <¢] >1— (2> . 2e=€d/0,

Suffices to set t = e9(€d) to get for all pairs x;, x; in the set
X1, X2, -+, Xe, Pr[|x]x;| < €] >0.9.

Therefore, there exists some set of t = eO(€d) it vectors with all

pairwise inner products < e.

17



Orthogonal Vectors

(2d)

Final result: In d-dimensional space, there are 2° unit vectors

with all pairwise inner products < e.

Corollary of proof: Random vectors tend to be far apart (and

roughly equidistant) in high-dimensions.
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Orthogonal Vectors

Final result: In d-dimensional space, there are 20(¢*d) ynit vectors
with all pairwise inner products < e.

Corollary of proof: Random vectors tend to be far apart (and

roughly equidistant) in high-dimensions.

lIxi = xi113 = lIxll2 + %112 — 2(x, x;) ~ 2

18



Curse of Dimensionality

Curse of dimensionality: Suppose we want to use e.g. k-nearest
neighbors to learn a function or classify points in R?. If our data
distribution is truly random, we typically need an exponential
amount of data.

—
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Curse of Dimensionality

Curse of dimensionality: Suppose we want to use e.g. k-nearest
neighbors to learn a function or classify points in R?. If our data
distribution is truly random, we typically need an exponential
amount of data.

—

The existence of lower dimensional structure in our data is
often the only reason we can hope to learn.

19



Curse of Dimensionality

Low-dimensional structure.

e %008 Ceg konn graph A VAN iputlayer  hdenlayer 1 hiddenlayer2  hiden a3
ool K S e— O ~
o - 7 N ot
L Q"a‘?é&v \

ol
e*‘/

or classification

For example, data lies on low-dimensional subspace, or does
so after transformation. Or function can be represented by a
restricted class of functions, like neural net with specific
architecture.

20



Unit Ball in High Dimensions

Let By be the unit ball in d dimensions:

By={xeR?: x|l <1}.
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Unit Ball in High Dimensions

Let By be the unit ball in d dimensions:
By={xeR?: x|l <1}.

xd/2

Volume of radius R ball is @ R4,

What percentage of volume of By falls within € of its surface?

Volume of Diff  C-19—C-(1—¢)?
Total Volume C-19
1-(1-¢)d

1- ((1 - e)l/ﬁ)ed

1—(1/e)d=1—e*.

%

21



Isoperimetric Inequality

(ed)

All but a vanishing small 2-©(¢9) fraction of a unit ball's volume is

within € of its surface.

Isoperimetric Inequality: the ball has the minimum surface
area/volume ratio of any shape.
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Isoperimetric Inequality
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All but a vanishing small 2-©(¢9) fraction of a unit ball's volume is

within € of its surface.
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area/volume ratio of any shape.
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Isoperimetric Inequality

(ed)

All but a vanishing small 2-©(¢9) fraction of a unit ball's volume is

within € of its surface.

Isoperimetric Inequality: the ball has the minimum surface
area/volume ratio of any shape.

oaQ

e If we randomly sample points from any high-dimensional
shape, nearly all will fall near its surface.

e ‘All points are outliers.’ e



Slices of the Unit Ball

What percentage of the volume of B, falls within € of its equator?

SI{XGBdZ‘XﬂSE}
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Slices of the Unit Ball

What percentage of the volume of B, falls within € of its equator?
Answer: all but a 2-9(€9) fraction.

By symmetry, this is true for any equator:

St={x€By:x"t<e}. o



Bizarre Shape of Unit Ball

1. (1 —279(<d)) fraction of volume lies ¢ close to surface.
2. (1- 2*@(52")) fraction of volume lies € close to any equator.

High-dimensional ball looks nothing like 2D ball! .



Concentration at Equator

Claim: All but a 2-©(<*d) fraction of the
volume of the ball falls within ¢ of its equator.

Equivalent: Fix the equator to be horizontal.
If we draw a point x randomly from the unit
ball, |x1| < e with probability > 1 — 2—6(%d).
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Concentration at Equator

Claim: All but a 2-©(<*d) fraction of the
volume of the ball falls within ¢ of its equator.

Equivalent: Fix the equator to be horizontal.
If we draw a point x randomly from the unit
ball, |x1| < e with probability > 1 — 2—6(%d).
Proof Strategy:
e Instead of drawing random vectors from
the unit ball, we will draw a random

vector from the unit sphere (the surface
of the ball).
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Concentration at Equator

Claim: All but a 2-©(<*d) fraction of the
volume of the ball falls within ¢ of its equator.

Equivalent: Fix the equator to be horizontal.
If we draw a point x randomly from the unit
ball, |x1| < e with probability > 1 — 2—6(%d).
Proof Strategy:

e Instead of drawing random vectors from
the unit ball, we will draw a random
vector from the unit sphere (the surface
of the ball).

o letw = where x is a random vector

HXH '
from the unit ball.
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Concentration at Equator

Claim: All but a 2-©(<*d) fraction of the
volume of the ball falls within ¢ of its equator.

Equivalent: Fix the equator to be horizontal.
If we draw a point x randomly from the unit

ball, |x1| < e with probability > 1 — 2—6(%d).
Proof Strategy:

e Instead of drawing random vectors from
the unit ball, we will draw a random

vector from the unit sphere (the surface
of the ball).

o letw = m where x is a random vector
from the unit ball.

o Prxi| <e]>Pr[|wi] < ¢ (why?)
26



Concentration at Equator

Claim: |w| < € with probability > 1 — 27©(€*d)_ This then proves
our statement from the previous slide.
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our statement from the previous slide.
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from the unit sphere (the surface of the ball)?
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Concentration at Equator

Claim: |w| < € with probability > 1 — 27©(€*d)_ This then proves

our statement from the previous slide.

How can we generate w, which is a random vector taken

from the unit sphere (the surface of the ball)?

2D Gaussian Samples
O

Normalized: w =g/||g||

-5 -10 05 00 05 10 15
wy

27



Important Fact in High Dimensional Geometry

Rotational Invariance of Gaussian distribution: Let g be a
random Gaussian vector, with each entry drawn from A/(0, 1).
Then w = g/||g]|2 is distributed uniformly on the unit sphere.

Why?
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Rotational Invariance of Gaussian distribution: Let g be a
random Gaussian vector, with each entry drawn from A/(0, 1).
Then w = g/||g]|2 is distributed uniformly on the unit sphere.

Why? The PDF of a high-dimensional Gaussian does not depend
on the direction of g, only on its length.
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Important Fact in High Dimensional Geometry

Rotational Invariance of Gaussian distribution: Let g be a
random Gaussian vector, with each entry drawn from A/(0, 1).
Then w = g/||g]|2 is distributed uniformly on the unit sphere.

Why? The PDF of a high-dimensional Gaussian does not depend

on the direction of g, only on its length.

Consider the probability density function of a high dimensional
Gaussian:

p(g) = p(gll]) - ... p(gld]) = Hce g[il?/2

= C eZi:l_g[] /2

_ 9o lel3s2
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Important Fact in High Dimensional Geometry

Rotational Invariance of Gaussian distribution: Let g be a
random Gaussian vector, with each entry drawn from A/(0, 1).
Then w = g/||g]|2 is distributed uniformly on the unit sphere.

Level Sets of 2D

.| Circular level sets
2 T|(rotational invariance)

29



Proof Strategy

Draw g ~ N(0.1). Show that first entry of w = g/||g||2 < € with
very high probability.
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Proof Strategy

Draw g ~ N(0.1). Show that first entry of w = g/||g||2 < € with
very high probability.

1. Prove that with high probability, the first entry of g/+/d is
small.
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Proof Strategy

Draw g ~ N(0.1). Show that first entry of w = g/||g||2 < € with
very high probability.

1. Prove that with high probability, the first entry of g/+/d is
small.
2. Prove that g/\/d is very very close to g/||g||3, so this vector
also has small first entry. 0



Concentration at Equator

Let g be a random Gaussian vector and w = g/||g||2.

d d
Eflgl3] = Y Elg?] = Y Varlg] = d.
i=1 i=1
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Concentration at Equator

Let g be a random Gaussian vector and w = g/||g||2.

d d
Eflgl3] = Y Elg?] = Y Varlg] = d.
i=1 i=1

Excercise for home: Prove that

1 —
Pr g1 < SEllgl)] <275
This should intuitively make sense. Can you tell me why?

31



Concentration at Equator

For 1 — 2-9(9) fraction of vectors g, ||g||2 > 1/d/2. Condition on
the event that we get a random vector in this set.
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Concentration at Equator

For 1 — 2-9(9) fraction of vectors g, ||g||2 > 1/d/2. Condition on
the event that we get a random vector in this set.

Recall that w = —8—. Given this event:

llgll2"

Prijwi| < €] = Prllgi/llgll2| < €]
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For 1 — 2-9(9) fraction of vectors g, ||g||2 > 1/d/2. Condition on
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Concentration at Equator

For 1 — 2-9(9) fraction of vectors g, ||g||2 > 1/d/2. Condition on
the event that we get a random vector in this set.

Recall that w = @. Given this event:

Prilwi| < =Prlla/ gzl < o
> Pr|leal/ Va2 < ¢

—Pr |lexl < e- V72|
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Concentration at Equator
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the event that we get a random vector in this set.

Recall that w = “52. Given this event:
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>1- 2_9<(€' v d/2)2) (Integrate the PDF)

32



Concentration at Equator

For 1 — 2-9(9) fraction of vectors g, ||g||2 > 1/d/2. Condition on
the event that we get a random vector in this set.

Recall that w = “52. Given this event:

Prilwi| < =Prlla/ gzl < o
> Pr|leal/ Va2 < ¢
—Pr |lexl < e- V72|

>1- 2_9<(€' v d/2)2) (Integrate the PDF)

32



Concentration at Equator

For 1 — 2-9(9) fraction of vectors g, ||g||2 > 1/d/2. Condition on
the event that we get a random vector in this set.

Recall that w = Hégb' Given this event:

Prilwi| < =Prlla/ gzl < o
> Pr|leal/ Va2 < ¢
—Pr |lexl < e- V72|

>1- 2_9<(€' v d/2)2) (Integrate the PDF)

By union bound, overall we have:

Prilwi| < e > 1—270(€9) _2-0(d)
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Bizarre Shape of Unit Ball

1. (1 —279(<d)) fraction of volume lies ¢ close to surface.
2. (1- 2*@(52")) fraction of volume lies € close to any equator.

High-dimensional ball looks nothing like 2D ball! .



High Dimensional Cube

Let Cy be the d-dimensional cube:

Cqg={xeR?: |x(i)] <1Vi}.

Al
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Let Cy be the d-dimensional cube:

Cqg={xeR?: |x(i)] <1Vi}.
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In two dimensions, the cube is pretty similar to the ball.
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High Dimensional Cube

Let Cy be the d-dimensional cube:

Cqg={xeR?: |x(i)] <1Vi}.

Al

In two dimensions, the cube is pretty similar to the ball.

d
7r

But volume of Cy4 is 29 while volume of unit ball is %.

This is a huge gap! Cube has O(d)°(9) more volume.
34
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High Dimensional Cube

Some other ways to see these shapes are very different:

maxyes, [[x[3 =1

maxxec, ||x[1Z = d

BxnylIXll3 = 5 ~
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High Dimensional Cube

Almost all of the volume of the unit cube falls in its corners, and
these corners lie far outside the unit ball.

2 dimensions high dimensions

AR

36



On Breaking Intuition

Consider the following setup:

O
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Place 29 unit balls in box with side length 2. Look at sphere they
enclose. It has radius v/d — 1.
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On Breaking Intuition

Consider the following setup:

O

Place 29 unit balls in box with side length 2. Look at sphere they
enclose. It has radius v/d — 1.

So for d > 10, the central ball sticks out of the box...
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